QCD predicts matter at high density should exhibit color superconductivity. We review briefly several pertinent properties of color superconductivity and then discuss how baryons are realized in color superconductors. Especially, we explain an attempt to describe the color-flavor locked quark matter in terms of bosonic degrees of freedom, where the gaped quarks and Fermi sea are realized as Skyrmions, called superqualitons, and Q-matter, respectively.
I. INTRODUCTION
Quantum chromodynamics (QCD) is now widely accepted as an undisputed theory of strong interactions. The QCD prediction on how its coupling changes at different energies is thoroughly tested, and well confirmed, for the wide range of energy from order of 1 GeV to a few hundred GeV by numerous and independent experiments. QCD is however extremely difficult to solve, since it is highly non-linear and strongly coupled at the same time, offering no apparant expansion parameters. So far it has precluded any analytic solutions.
One of the resason why QCD is hard to solve is that quarks and gluons, the basic degrees of freedom of QCD, become less relevant at low energy, where they are strongly coupled. Since the right degrees of freedom of strong interactions at low energy are hadrons rather than quarks and gluons, one may try to solve QCD in terms of hadrons. The Skyrme picture based on chiral Lagrangin is such an attempt [1] 1 . One writes down the effective Lagrangian for the pions in powers of momentum in accord with the QCD realization of (chiral) symmetry and then determines the couplings in the effective Lagrangian by experimental data. One interesting aspect of chiral Lagrangian is that it admits a topological solition, which is stable if one allows the so-called Skyrme term only for quartic couplings. One can also show that the topological current associated with the soliton is nothing but the baryon number current which arises from the Wess-Zumino-Witten term [3] . The baryons are therefore realized as topological solitions, known as Skyrmions in the chiral Lagrangian. The phenomenology of Skyrme Lagrangian was quite successful [4] .
Recently QCD at high density [5, 6] has been studied intensively not only because it is relevant to dense matter, found in compact stars like neutron stars or in heavy ion collisions, but it may shed light on the nonperturbative behavior of QCD like chiral symmetry breaking and color confinement. Futhermore, it is an interesting question to ask how the Skyrme picture changes as one increases baryon density, which will be addressed in this article.
The study of dense matter is ultimately related to the properties of quarks, the basic building blocks of atomic nuclei; how QCD and electroweak interaction of quarks behave at high baryon density. QCD predicts because of the asymptotic freedom a phase transition at baryon density around the QCD scale, 1/Λ matter [7] . The wave function of quarks inside a nucleon overlaps with those of quarks in other nucleons as nucleons pack closely at high density, liberating quarks from nucleons.
QCD also predicts that quark matter should be color superconducting at high baryon density [8] since it is energetically prefered for quarks to form Cooper-pairs rather than to form quark-anti-quark condensates. Though color superconductivity has not been observed yet, one expects however to find it in the core of compact stars like neutron stars or quark stars. Finding color superconductivity will be a great challange for QCD.
II. COLOR SUPERCONDUCTING QUARK MATTER
Unlike ordinary electron superconductors, color-superconducting quark matter has a rather rich phase structure because quarks have not only three different color charges but also come in several flavors, which makes it extremely interesting to find color superconductors. The number of quark flavors in quark matter depends on its density because the mass gap is flavor-dependent.
At intermediate density where the strange quarks are too heavy to populate, only up and down quaks participate in Cooper-pairing. Since the color anti-triplet channel provides attraction among quarks, the quark Cooper pairs are flavor singlet but transform as antifundamental under SU(3) c color:
where i, j = 1, 2 and a, b = 1, 2, 3 are flavor and color indices, respectively, and ∆ 2 is the gap openned at the Fermi surface of two-flavor quark matter. The confinement scale, Λ C , of unbroken SU(2) c is much smaller than the QCD scale [9] and also parametrically much smaller than the gap, ∆ 2 . At energy lower than Λ C (and also lower than the Cooper-pair gap, ∆ 2 ), the particle spectrum of two-flavor quark matter consists of a massless Nambu-Goldstone boson accociated with broken U(1) B and gapless up and down blue quarks, which should remain gapless as the chiral symmetry is unbroken, while four massive gluons and gapped quarks (red and green quarks), which are fundamental under SU(2) c , are confined in bound states like baryons or glueballs [10, 11] . (The massive 8th gluon is neutral under SU(2) c and thus decoupled from the rest of particles.) Baryons in two-flavor color superconductors are like a heavy (blue) quarkonium made of red and green quarks.
III. COLOR-FLAVOR LOCKED QUARK MATTER
As nucleons pack closely together, they will eventually form quark matter. The critial density or critical chemical potential for the phase transition to quark matter is rather difficult to estimate due to the nature of strong interactions. While the lattice calculation for the critical temperature to form quark matter has been quite successful [12] , lattice is of not much help at finite density due to the notorious sign problem associated with the complex measure, barring the Monte Carlo method [13, 14] . One expects, however, the phase transition at finite density presumably occurs around at the quark chemical potential, µ ∼ Λ QCD , solely on dimensional grounds, which corresponds to about 5 to 10 times the nuclear density, n 0 ≃ 0.17 fm −3 .
In the previous section we assumed strange quarks are decoupled at intermediate density.
However, matter at density close to the critical density strange quarks are not completely decoupled as the quark chemical potential is comparable to the strange quark mass, m s ≃ 100 MeV. Significant fraction of quark matter is therefore composed of strange quarks.
Whether strange quarks participate in Cooper-paring with up and down quarks near the critical density is still an open issue, because we do not know yet whether the pairing gap is bigger than the stress to break pairing, m 2 s /(2µ), due to the mismatch of the Fermi surfaces of pairing quarks. On the other hand at density much higher than the critical density one surely expects that all of three light flavors do participate in Cooper-pairing. In fact one can show rigorously that Cooper-pairs take a so-called color-flavor locked (CFL) form [15] at asymptotic density [16] ,
where the flavor indices i, j now run from 1 to 3 and we neglected the color-sextet components, since the instanton effect is negligible.
The color-flavor locked phase of quark matter turns out to be quite stable against various stress [17] and also theoretically very interesting. The particle spectrum of CFL phase maps one-to-one onto that of low density (hypernuclear) hadron matter, as if there is no phase boundary between them [18] . 
where e is the electromagnetic coupling and g s is the QCD coupling. The symmetry breaking pattern in CFL phase is therefore given as
At high baryon density antiquarks are highly suppressed, since it takes energy bigger than the chemical potential to excite them. An effective theory of modes near the Fermi surface, called High Density Effective Theory, has been derived by integrating out the modes far away from the Fermi surface [19, 20] . The Dirac mass term, which breaks the chiral symmetry explicitly, is suppressed dense medium and gives mass operators as, once antiquarks are integrated out,
where q + denotes quarks near the Fermi surface and q c+ their chage-conjugate fields [21] .
Therefore, mass of pseudo NG bosons becomes suppressed in dense medium as m 2 /(2µ).
The particle spectrum of CFL phase consists of 8 pseudo Nambu-Goldstone (NG) bossons of mass m 2 /(2µ) and one massless Nambu-Goldstone boson, corresponding to the baryon superfluid, and 8 massive gluons, and 9 massive quarks. Under the unbroken global symmetry, SU(3) c+L+R × Z 2 , the particles transform as in To describe the low-energy excitations of the CFL quark matter, we introduce composite
where γ m is the anomalous dimension of the diquark fields and q( v F , x) denotes a quark field with momentum close to a Fermi momentum p F [19] . A dimensional quantity κ is introduced in (7) so that the expectation value of diquark fields in the ground state becomes identity,
Under the color and flavor symmetry the diquark fields transform as
The low-lying excitations of condensates are then described by following unitary matrices,
which may be parametrized by Nambu-Goldstone fields as
where T A are the SU(3) generators, normalized as Tr
The parity-even combination of the Nambu-Goldstone bosons, constituting the longitudinal components of gluons, generates the color supercurrents in quark matter, while the parity-odd combination becomes pseudo Nambu-Goldstone bosons, neutral under color, which can be written as
where
are correlated excitatons of φ L and φ R , having same quantum numbers as pions, kaons, and eta in hadronic phase.
Expanding in powers of derivatives, the low-energy effective Lagrangian density for the (colored) Nambu-Goldstone bosons is given as
where v = 1/ √ 3 is the speed of Nambu-Goldstone bosons in medium and the Wess-ZuminoWitten (WZW) term L WZW is added to correctly reproduce the symmetries of dense QCD.
The colored NG bosons will couple to (massive) gluons through minimal coupling, replacing the ordinary derivatives with covariant derivatives, D = ∂ + ig s A, which amounts to adding to the effective Lagrangian, (13), the minimal gauge coupling and the gluon mass
and also replacing with covariant ones the plain derivatives in Wess-Zumino-Witten term to reproduce the anomalous coupling of NG bosons with vector mesons.
The coefficient of the WZW term in the effective Lagrangian should be chosen to match the global anomalies of microscopic theory. For instance the SU(3) L anomaly is given at the quark level as
whereF is the field strength tensor of the modified photon. On the other hand the WZW term contains a term, if one gauges U(1)Q,
which agrees with (15) if n L = 1 since Tr T 3Q2 = 1/2 [23] . Similarly, one can show that n R = 1.
IV. SUPERQUALITONS AND GAPED QUARKS
In vacuum chiral symmetry breaking occurs due to the condensation of quark-antiquark bilinear at strong coupling. The coefficients of operators in the chiral effective Lagrangian therefore contain the physics of strong dynamics and are hence very difficult to calculate directly from QCD. However, the chiral symmetry breaking in the color-flavor locked phase of quark matter occurs even at asympotic density where the QCD coupling is extremely small, because it is due to the Cooper-paring of quarks near the Fermi surface which can occur at arbitrarily weak attraction due to Cooper theorem.
The coefficients of operators in the low-energy effective Lagrangian of CFL matter are calculable at asymptotic density, using perturbation, called hard dense-loop approximation, which appropriately incorporates the medium effects. Similarly, the CFL gap, which characterizes the properties of CFL matter, can be also calculated precisely, using perturbation.
However at not-so-high density where CFL matter is strongly coupled we do not have welldeveloped tools to study neither the gap nor the low-energy constants of the effective theory, as in the vacuum QCD. To study the proerties of CFL matter at intermediate density the
Skyrme's idea may be useful, which correctly captures the large N c behavior of baryons as topological solitons made of pions. In the case of CFL matter where quarks are deconfined, though gapped, the topological solitons made out of (colored) NG bosons, called superqualitons, should be identified as gapped quarks, similar to Kaplan's qualiton [22] which realizes the constitituent quarks inside nucleons. In this section we study the CFL gap of strongly interacting quark matterá la Skyrme [23] .
We first note that gaped quarks of each chirality should be treated independently, since
Cooper-pairing occurs between quarks with same chirality. (We will concentrate on the lefthanded gaped quark. But, the argument below applies equally to the right-handed gaped quark.) The manifold of NG bosons, Π L , associated the condensation of Cooper pairs of left-handed quarks has a notrivial third homotopy,
and thus the low-energy effective Lagrangian of Π L admits a topological soliton associated with a topological current,
whose charge counts the number of winding of the map U L from S 3 , the boundary of space at infinity to the manifold of NG bosons. Since the sigma model description of the SU(3) L quark current J A Lµ =q L+ T A γ µ q L+ contains an anomalous piece from the WZW term,
the topological current should be interepreted as the (left-handed) quark number current, J Lµ =q L+ γ µ q L+ and the soliton of unit winding number should be identified as (left-handed) gaped quark, carrying a baryon number 1/3 as n L = 1 rather 3 in the case of vacuum QCD.
Once we identify the soliton as a gaped quark, it is staightforward to estimate the magnitude of the gap as a function of the low energy constants like the NG boson decay constant, F , or the QCD coupling, as the soliton is stabilzed by the Coulomb repulsion due to color charges at the core. Following Skyrme [1] we seek a static configuration for the field U L in SU(3) by embedding an SU(2) hedgehog in color-flavor in SU(3), with
where τ 's are Pauli matrices. The radial function θ(r) is monotonous and satisfies
for a soliton of winding number one. (Note that we can also look for a right-handed soliton by switching off the U L field. The solution should be identical because QCD is invariant under parity.) This configuration has only non-vanishing color charge in the color-hypercharge Y direction
and all others are zero. As shown in [24] , the energy of the configuration (20) is given as
and the total charge within a radius r is
Using the Gauss law with screened charge density, we can trade ω in terms of θ(r),
where m E = 6α s /π µ is the electric screening mass for the gluons. Hence, the energy functional simplifies to
The squared size of the superqualiton is R 2 S = r 2 where the averaging is made using the (weight) density E(r).
The equation of motion for the superqualiton profile θ(r) is
subject to the boundary conditions (40). We solve the equation Eq. (27) coupling, since the color-electric force, which balances the kinetic energy of the soliton, is more repulsive [24] .
To access the quantum numbers and the spectrum of the superqualiton, we note as usual that for any static solution to the equations of motion, one can generate another solution by a rigid SU(3) rotation, The matrix A corresponds to the zero modes of the superqualiton. Note that two SU(3)
matrices are equivalent if they differ by a matrix h ∈ U(1) ⊂ SU(3) that commutes with SU(2) generated by τ ⊗ I. The Lagrangian for the zero modes is given by substituting [25] . Hence,
where I αβ is an invariant tensor on M = SU(3)/U(1) and the hypercharge Y is
Under the transformation
Therefore, if we rotate adiabatically the soliton by θ in the hypercharge space in SU(3), h = exp(iY θ), for time T → ∞, then the wave function of the soliton changes by a phase in the semiclassical limit;
where we neglected the irrelevant phase −M S T due to the rest mass energy. The simplest and lowest energy configuration that satisfies Eq. (32) is the fundamental representation of SU(3). Similary, under a spatial (adiabatic) rotation by θ around the z axis, h = exp(iτ 3 θ), the phase of the wave function changes by θ/2. Therefore, the ground state of the soliton is a spin-half particle transforming under the fundamental representation of both the flavor and the color group, which leads us to conclude that the soliton is a gaped left-handed (or right-handed) quark in the CFL phase.
V. BOSONIZATION OF QCD AT HIGH DENSITY
The gap in superconductors can be estimated by measuring the energy needed to excite a pair of particle and hole, breaking a Cooper-pair. If one decreases the total number of particles by δN, creating holes in Fermi Sea, the thermodynamic potential (or total energy at zero temperature) of ground state is reduced by δE = µδN. Therefore the gap in the superqualtiton should be defined as
where M S is mass of soliton, calculated from (26) .
Quark matter with finite baryon number is described by QCD with a chemical potential, which restricts the system to have a fixed baryon number on average;
whereq i γ 0 q i is the quark number density of the i-th flavor. The ground state in the CFL phase is nothing but the Fermi sea where all quarks are Cooper-paired. Equivalently, this system can be described in term of bosonic degrees of freedom, namely pions and kaons, which are small fluctuations of Cooper pairs [26] .
As the baryon number (or the quark number) is conserved, though spontaneously broken, the ground state in the bosonic description should have the same baryon (or quark) number as the ground state in the fermionic description. Under the U(1) Q quark number symmetry, the bosonic fields transform as
where Q is the quark number operator, given in the bosonic description as
The energy in the bosonic description is
where E m is the energy due to meson mass and δE is the energy coming from the higher derivative terms. Assuming the meson mass energy is positive and E m + δE ≥ 0, which is reasonable because ∆/F ≪ 1, we can take, dropping the positive terms due to the spatial derivative,
Since for any number α
we get a following Schwartz inequality,
where we defined
Note that the lower bound in Eq. (40) is saturated for E Q = ωQ or U L,R = e iωt with ω = Q I .
The ground state of the color superconductor, which has the lowest energy for a given quark number Q, is nothing but a so-called Q-matter, or the interior of a very large Q-ball [27, 28] .
Since in the fermionic description the system has the quark number Q = µ 3 /π 2 d 3 x = µ 3 /π 2 · I/F 2 , we find, using F ≃ 0.209µ [29] ,
which is numerically very close to 4πF . The ground state of the system in the bosonic description is a Q-matter whose energy per unit quark number is ω.
Since, reducing the quark number of the Q-matter by one, the minimum energy we gain by creating a hole in Fermi sea is δE = ω and therefore the energy cost to create a gaped quark from the ground state in the bosonic description is
where M S is the energy of the superqualiton configuration in (26) . From (44) we can estimate the CFL gap of strongly interacting quark matter [26] .
VI. CONCLUSION
Solving QCD is an outstanding problem in physics. We review an attempt to solve three-flavor QCD at finite density in term of pions, kaons, and eta that occur as collective excitations of condensed Cooper-pairs, following Skyrme's idea that was applied to strong interactions. This attempt is promising and conceptually beautiful, since it deals with the correct degrees of freedom at low energy. The ground state of color-flavor locked phase is realized as a Q-matter, a collective excitation of Nambu-Golstone bosons, carrying a fixed baryon number. The gaped quarks are realized as topological solitions, made of NG bosons, similar to Kaplan's qualiton picture of constituent quarks.
The Skyrme's picture on baryons is used to estimate the color-flavor locked gap in strongly interacting quark matter, where perturbation fails, after correctly identifying the ground state of color-superconducting quark matter.
